In this note, we prove a prime orbit theorem with a precise error term for an arbitrary Riemann surface of finite geometry and infinite volume. The error term involves the low eigenvalues and the resonances of the Laplace-Beltrami operator.
Introduction
The purpose of this note is to prove a prime orbit theorem for an arbitrary Riemann surface of finite geometry and infinite volume. Let us recall the standard analytic and geometric notations which will be used in this paper.
We denote by H 2 the Poincaré half plane H 2 = {z = u + iv, v > 0} endowed with its standard metric of constant negative curvature −1 given by ds 2 = du 2 +dv 2 v 2
. A geometrically finite Riemann surface is a non-compact surface whose ends are of two types: cusps and funnels. A cusp is isometric to a strip {0 ≤ u ≤ h, v ≥ 1} ⊂ H 2 whose edges {u = 0} and {u = h} are identified, and its boundary is a closed horocycle of length h. A funnel is isometric to an annulus {1 ≤ u 2 + v 2 ≤ e 2l , u ≥ 0} ⊂ H 2 whose edges {u 2 + v 2 = 1} and {u 2 + v 2 = e 2l } are identified, and its boundary is a closed geodesic of length l.
A finite geometry surface M is then obtained by attaching f funnels to the convex core of the surface N called the nielsen region whose boudary is composed of f closed geodesics. The Nielsen region is itself builded by gluing c cusps through their horocyclic boundary to a compact surface N 0 with totally geodesic boundary having f + c connected components. Such a surface can be obtained as a quotient M = Γ\H 2 of the hyperbolic space by a Fuchsian group Γ which is torsion free, non cyclic and with a finite presentation.
If there is at least one funnel, the Fuchsian group Γ is of the second kind and the Hausdorff dimension δ of the limit set Λ ⊂ ∂H 2 has several interpretations. The dimension δ is also the critical exponent of the group and the measure theoretic entropy of the geodesic flow on its recurrent set, endowed with the Patterson-Sullivan measure (see [15, 23, 22] ).
The usual positive Laplacian acting on functions is denoted by ∆ M . The set P of primitive periodic orbits γ of the geodesic flow least period l(γ) is in one to one correspondence with the conjugacy classes of hyperbolic elements in Γ. The counting function N (T ) for the prime geodesics is defined as usual for T ≥ 0 by
A well known result is the following.
2 be a geometrically finite Riemann surface with finite volume, then as T → +∞, we have
T ,
where li(x) = 
The asymptotic analysis of the periodic geodesics of Riemann surfaces is build on the trace formula proved by Selberg [21] and the first precise expansions for compact surfaces were obtained later by Huber, Hejhal and Randol [9, 8, 18] . In the non-compact and finite volume case, the first asymptotics were proved by Sarnak [20] , see also the book by Iwaniec [10] .
In the infinite volume case, much less is already known. In the convex co-compact case (f ≥ 1, c = 0) the first asymptotics were proved by Guillopé [4] and Lalley [11] where they obtained the leading term (1) lim
Here the dimension of the limit set δ satisfies 0 < δ < 1 (see Beardon [1, 2] [5] ). For a more recent work in the general setup of CAT (-1) spaces where the leading term (1) still holds, we refer to the work of Roblin [19] . In the higher dimensional case, a similar asymptotic has been established by Perry [17] .
In this paper, we build on the work of Guillopé-Zworski, i.e. the wave trace formula [3] , and the bounds on the number of resonances [7] , to obtain the following.
Theorem 1.2 Let M = Γ\H
2 be a geometrically finite Riemann surface such that δ > 1 2 and f ≥ 1. Then as T → +∞, we have
where the exponents
If we let δ → 1 we remark that the error term tends to O(e 3 4 T ) which is what we already know in the finite volume case. It is natural to ask if, as it is for the prime number theorem assuming the classical Riemann hypothesis, one could improve this error term to O(e (1/2+ε)T ). Even for finite volume Fuchsian groups, this problem is still open. A better bound is known for the modular surface PSL 2 (Z)\H 2 where Luo and Sarnak [12] have proved that O(e (7/10+ε)T ) holds.
The case δ ≤ 
which is a meromorphic bounded operator valued function on the lower half plane {Im(λ) < 0}. When acting on C ∞ 0 (M ) into C ∞ (M ), the resolvent R(λ) admits a meromorphic extension [13] to the whole complex plane. The resonances are the poles of the meromorphic extension to {Im(λ) ≥ 0}, denoted by R + M . For other definitions of the resonances involving Eisenstein series and scattering operators, we refer to [7] . If δ ≤ In the paper [14] , the author has in fact proved the following.
Equivalently, we have β := sup
This result, based on the transfer operator techniques of Dolgopyat (see the references given in [14] ), is enough to show the next asymptotic expansion. Theorem 1.4 Let M = Γ\H 2 be a geometrically finite Riemann surface such that δ ≤ 1 2 and f ≥ 1. Then as T → +∞, we have
where β + = max(0, β).
In the above statement, M is actually convex co-compact since δ ≤ 1 2 . We point out that if β ≤ 0 then the error term becomes O(e δ 2 T ), which is the best we can expect. In that direction, the numerical experiments in [6] could be of interest to find manifolds having this property.
Distribution of closed geodesics and resonances trace formula
We use the notations introduced in the preceding section. We assume that M = Γ\H 2 and f ≥ 1. According to the statement of Theorem 1.2, we will denote the point spectrum (when it is non empty) by
The possible poles of the resolvent in the lower half-plane {Im(s) < 0} are denoted by
2 ). We set in the following
As usual, the points in R M are repeated according to their multiplicity.
The regularized trace (see [7, 3] ) of the wave operator 0-tr cos t ∆ M − 1 4 is a distribution on the real line and can be explicitly computed [3] . More precisely, for j = 1, . . ., c, let h j be the lengths of the horocyclic boundaries of the c cuspidal ends of M , let C denote the Euler constant C = lim N →+∞ N n=1 1 n − log N . We recall that the principal value of an odd function f ∈ L 1 loc (R \ {0}) with a singularity at x = 0 of type O(1/x) is a distribution acting on C ∞ 0 (R) by the formula
Then in the distributional sense, we have on the real line 0-tr cos
The regularized trace is itself related to the point spectrum and the resonances by the so-called Poisson formula [3] : for t = 0, we have (again in the distributional sense),
The combination of the above two formulas gives a resonances trace formula relating resonances and point spectrum to the length spectrum. Before we give a proof of Theorem 1.2 and 1.4, we need to introduce the following counting functions, defined for X ≥ 1.
π(X) = #{γ ∈ P : e l(γ) ≤ X}.
Clearly we have N (T ) = π(e T ). In addition, using the leading asymptotic [11, 5, 19] 
we can write (we actually only need the upper bound),
Using Stieltjes integrals, we write
Moreover, we have also by convergence of the series
and thus
Using the summation by parts •
where
Proof. Let l 0 denote the length of the shortest closed geodesic on M . Let h be an even C ∞ 0 compactly supported function satisfying the following conditions. For all x ≥ 0, we have h(x) ≥ 0 and
where X, Y > 0 satisfy Y = O(X α ), with α < 1. Such a function clearly exists and it is not difficult to construct it so that additionally the derivatives h (k) enjoy the upper bound sup x∈[log X,log(X+Y )]
We actually need these estimates only for the first three derivatives. Let us consider the compactly supported function g(x) = 2 cosh(x/2)h(x). Using this test function g(x), the trace formula yields the identity
where the right sum is running over all prime geodesics γ ∈ P and all positive integers k such that kl(γ) ≤ log(X + Y ).
For all s ∈ R + M , we set w(s) = +∞ 0 e ist g(t)dt. Let us estimate the sum s∈R
. If s = 0, then integrating by parts yields
Hence a rough estimate shows (we recall that Im(s) ≥ 0)
Integrating by parts twice more, we get in the same way
We have therefore shown that |w(
Let us now set
where 0 ≤ |ξ 0 | ≤ |ξ 1 | ≤ |ξ 2 | ≤ . . . ≤ |ξ n | ≤ . . .. We recall that it is proved in [7] that there exists C > 0 such that for all R > C,
This implies easily that there exists C > 0 such that for all ξ n ∈ R + M with n > n 0 = mult(0),
We can write
where C 1 , C 2 > 0 are absolute constants. Hence we get
and a standard estimate of the above series with suitable integrals yields
In addition, we have obviously
Gathering all the previous estimates into formula (2) , we get
Using the positivity of the left sums in (3), and substracting (3) from that of X + Y in place of X, we get
As a conclusion, we can drop the terms in the left sum over e kl(γ) ≥ X without changing the error term. We have obtained
Choosing Y = X 5/4−δ/2 minimizes the error term which becomes O(X 1/4+δ/2 ), and the proof is done.
Second case: δ ≤ Using the same arguments as above gives
and choosing Y = X 1+(β−δ)/2 ends the proof.
